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Abstract 

We investigate the effects of several Abelian external fluxes (j>, on the Euclidean Dirac spectrum of light quarks 
in QCD with two colors. Our results provide for a novel way of assessing the pion weak decay constant directly 
from spectral fluctuations, and discriminating a flux-rich from a flux-poor vacuum, using QCD lattice simulations. 
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1. Introduction 

In two-color QCD the quarks are in the pseudo- 
real representation of the flavor group [|l],D. For 
two flavors, the spontaneous breaking of chiral 
symmetry is accompanied by the occurrence of 
five Goldstone modes: 3 pions and a baryon and 
an antibaryon. The five Goldstone modes decay 
weakly, with a mass that satisfies the Gell-Mann- 
Oakes-Renner (GOR) relation 0. The latter 
mass vanishes in the chiral limit. 

In this talk we consider the effects of several 
Abelian external fluxes on the light quarks in a 
finite Euclidean volume with two-color QCD. We 
will show that these fluxes alter the quark spec- 
tral correlations near zero virtuality in a way that 
is sensitive to the bulk conductance of the disor- 
dered system hence to the pion decay con- 
stant. In a finite volume and in current lattice 
simulations, this provides for a novel way to mea- 
sure the pion decay constant. Our analysis in 
QCD will parallel recent analysis of electrons in 
disordered metals A more thorough discus- 
sion can be found in ||]. 



2. QCD with Abelian fluxes 

In a finite Euclidean volume V ~ L'^ pierced 
by Abelian fluxes = {4>i,4>2,4'^,4'i)i the light 
quarks in the background gluon field A satisfy the 
following Dirac equation 



iy[A]qk = \k[A,(l)\qk ■ 

subject to the boundary condition 



(1) 



(2) 



The 0's are given in units of a fiux quantum h/eq 
set to 1 for convenience. Through (Q) the quark 
spectrum (|l|) depends explicitly on </>. 

The probability p(t, (p) for a light quark to start 
at a;(0) in V and return back to the same position 
x{t) after a proper time duration i, is 

= -^(|(:,(0)|e^('W^l+™)l*l|x(0))p)^. (3) 

The averaging in (H) is over all gluon configura- 
tions using the unquenched two-color QCD mea- 
sure The normalization is per state, where N 
is the total number of quark states in the four- 
volume V . Eq. (|^) may be written in terms of 
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the standard Euclidean propagators for the quark 
field, 



-i(Ai-A2)|t| 



X (Tr {S{x, y- z,, cj))S\x, y; Z2,cj))) )^ (4) 

generalizing to 7^ the results in Here 
-^1,2 = m — iXi:2, and 

S{x + L^, y; z, 0) = -e^^.*, ^(^^ y. ^) (5) 

The correlation function in (jj) relates (in gen- 
eral) to an analytically continued pseudoscalar 
correlation function, as the eigenvalues qk and 
~lbQk Eire pair-degenerate (chiral) For two- 
color QCD there is an extra symmetry that 
makes the pseudoscalar correlation function de- 
generate with certain diquark correlation func- 
tions in the flux-free case. Indeed, for </> = 
and K — —t^CK the eigenvalues qt and Kg^ 
are also pair-degenerate. Here C is the charge- 
conjugation matrix, the color matrix and K 
the (right-left) complex-conjugation. 

For 7^ 0, the first symmetry (chiral) is re- 
tained while the second one is upset The 
quarks are now required to be in the complex rep- 
resentation, except for the case where </> is half- 
integer. The fluxes add in the cooperon channel 
(diquark) with net Abelian charge 2, but cancel 
in the diffuson (pseudoscalar) with net Abelian 
charge 0. In the semiclassical limit, both con- 
tribute to (^) as discussed in js) . Using the GOR 
relation F^m^ — ml] and the analytical con- 
tinuation m ^ m ~ iA/2, the expectation value 
Cg = (Tr5'5t), in (|) simplifies to 

CG{x,y]z,(j)) 



2V ^ 



21] 



2E 



-i\ + 2m + DQ'^ 



-iX+2m+DQ^' 



(6) 



with the diffusion constant D = 2i^^/I], and 
= np27r/i and = infj, + 24>^)2n/L. S = 
\{qq)\ and F is the weak decay constant for the 
Goldstone modes of mass tog 0. 

Since E/A = N and p = 1/AV, with S = 7rp, 
we conclude after a contour integration that 



p(t,<^) = ie-^™l*l^(e-^«^l*l 



. (7) 



The cooperon contribution is periodic in the flux 
(f) with periodicity = 0, ±1/2, ±1, .... The spec- 
trum does not discriminate between bosonic or 
fermionic boundary conditions in the flux-free 
case. The cooperon contribution pc(^, 0), (sec- 
ond term in ^ may be rewritten using Poisson's 
resummation formula as 



PC 



V 



.\^p-2™|t|-4irm 



cos(47rZ^0,J (8) 



with integer Vs. This result is in agreement 
with the one derived by Montambaux Q in 
disordered metals in lower dimensions. The 
flux-accumulation in the cooperon part implies 
changes in the spectral correlations of the light 
quarks as we now show. 

3. Spectral Rigidity 

To describe the spectral correlations associated 
with (|l|) we will use semi-classical arguments for 
the two-point correlation function R{s, (j)) of the 
density of eigenvalues |§,^D. Its spectral form 
factor K{t, 0) is defined as 



i?(s,( 



(9) 



where A = ^/pV is a typical quantum spacing at 
zero virtuality and in the absence of a flux. For 
diffusive quarks in two-color QCD, Kjt, (j>) relates 
to the return probability through 



Kit,, 



{2nf 



pit, <f) 



(10) 



For simplicity, consider the case 0^ = 
(0, 0, 0, 4>) with only one-flux retained. For long 
proper times, the zero modes along the 1,2,3 di- 
rections contribute only, giving 
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Pit, 0) 



-2m|i| 

2^ 



+ e 



-4TT^{n+2ct,faj^\t/tH\ 



(11) 



which is the analogue of a diffusion in d=l. 

= D/iAL"^) = 2(i^i)2/7r is the dimension- 
less conductance, where F^ can be regarded as 
the conductivity characteristic of the flow of the 
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isoaxial-charge in 4+1-dimensions ||]. For t < 
Tcrg = L^/D the diffusive paths are short and do 
not accumulate enough flux. The spectral rigidity 
defined as |^,|| (and references therein) 

r+N 

S2(A^,0)-y dsiN -\s\)Ris,cj)) (12) 



while the cooperon part pcit, (j)), is flux-sensitive 



-N 

is in our case 
S2(iV,0) = ^5:in 



(13) 



with a„ = a + 471^(7^71^ and a„ — a + 47r^(Ti(ri- 
2(t))^. For N,aL > a, (|l|) simplifies to 



j:2{n, 0) = S2(a^,o)- 



-4rlnfl+4— sin227r 



</> (14) 



in agreement with a result derived by Montam- 
baux [Q in the context of disordered metals. The 
conductance ctl, of the chiral vacuum is directly 
accessible from the spectral rigidity through (14) 
providing for a direct measurement of this im- 
portant quantity in disordered QCD. When com- 
bined with the measurement of the chiral con- 
densate S, this observation allows for a novel de- 
termination of the pion weak-decay constant F 
solely from investigations of the quark spectrum 
using lattice QCD. 

4. QCD Vacuum 

Since the quark return probability and the 
spectral rigidity are sensitive to flux-variations in 
a finite Euclidean volume, they could be used to 
probe the flux-content of the two-color QCD vac- 
uum, provided that the fluxes upset the pseudo- 
real character of the quark fields. Indeed, if we 
consider an Abelian flux-disordered vacuum along 
the lines we have so far discussed, and character- 
ized by a Gaussian distributed flux with a mean 

{{cf>M = ^M-^M- (15) 

then the quark return probability can be easily 
estimated from (^ using the Poisson form (jsj) for 
the cooperon part. If we split the quark return 
probability p = pu + Pc, then the diffuson part 
Pd, is flux-insensitive 

((P.(^,0))> = ^(:^e-l*i (16) 



((Pc)) = 



V 



-2m|t|- 



2(A'!iDtY ^ 



(17) 



We note that the periodicity in (f> =0, ±1/2, ±1, ... 
of the quark return probability implies that the 
latter is likely to be insensitive to a Z2 flux- 
disordered vacuum. If these effects extend to an 
Abelian flux-rich vacuum, a simple way to detect 
them is to measure the relative ratio of the quark 
return probabilities for Nc = 2 and Nc = 3. A 
flux sensitivity implies a t-dependent ratio close 
to 1/2 (as opposed to 1), assuming that the vac- 
uum structure does not change appreciably from 
two to three colors. 
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